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INTRODUCTION 
Layered media is used extensively in the aerospace and automotive industries from 
paint on metal surfaces to actuators with piezoelectric layers. NDE of such materials is 
used for manufacturing quality control or darnage inspection. A method of inversion for 
thickness and wavespeeds from ultrasonic data using the minimization of the difference 
between measured and constructed transfer function magnitudes in transmission has been 
developed [1,2]. Using this method, for a three-layer metallliquidlmetal specimen 
immersed in water it is possible to invert accurately for up to four parameters, for 
example, three thicknesses and one wavespeed. Kinra, Wang, Zhu, and Rawal [3] reported 
thickness measurements on three-layer metal-clad specimens. 
The transfer function magnitude for such a specimen displays a number of sharp 
peaks. Although near the resonant frequencies the transfer function has maximum 
sensitivity to the sample properties, its magnitude can differ significantly from its 
theoretical value due to a number of dissipation processes. In the present work an 
inversion procedure is developed where only the resonant frequencies of the transfer 
function are used. The results are compared with direct measurements of the acoustical 
properties and with previous results [3]. 
THEORY 
Consider a longitudinal plane-harmonic wave transmitted through a layered media 
immersed in a fluid. The transfer function is defined as the ratio of the Fourier transform 
of the transmitted wave to that of the incident wave. For a three layered medium the 
transfer function is 
* iwrj H =Te Den (1) 
where -r = (~+~+~)I c0 - ( 1"1 +-r2 +-r3 ) is the difference in arriva1 times for a reference 
signal in the liquid medium and the first arrival, and T = T01 T12 Tz3~0 is the amplitude of 
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the first arrival (virgin wave). The denominator takes into account the reverberations in the 
three layered media. 
Den= 1- R R e-2ian•- R Y e-2ian, - R R e-2iw(~.H,)- R R e-2ian, 
10 12 21"23 10 23 32 30 
+ R R R R -2iw(~1H3 ) _ R R -2iw(~2H3 ) _ R R -2iw(~1H,+~,) 
10 12 32 3oe 21 3oe 10 3oe · 
(2) 
For a single layer, there are only two terms in Den. When the frequency of the 
incident wave is equal to the resonant frequency of the plate, the phase of the first and 
second terms match and IDenl takes on a minimum value and the magnitude H takes on a 
maximum value. For one layer, the peaks of H correspond to the resonant frequencies of a 
free vibrating plate. For a multilayered medium, the intemal waves see multiple boundary 
pairs. The magnitude of the transfer function is not equal to one and the peaks generally do 
not correspond to the resonant frequencies of a free-vibrating system or the resonant 
frequencies of the individuallayers. 
The transmission and reflection coefficients for an interface are defined as 
2 1-r. 
I;j = 1+r. ' R .. =--1 
1 '1 1+rj 
(3) 
where i = j-1 and rj = z/Zi . Since the experimental setup has water on both sides of the 
specimen, r4= l!r1r2r3. Thus, the magnitude His a function of 'Z"1, 'Z"2, 'Z"3 and r1, r2, r 3. The 
objective of this paper is to determine these three travel times and three impedance ratios 
from the peaks of the magnitude of the transfer function and from a measured value of -r . 
Rewriting the transfer function in terms of these parameters, 
H* = 24 e;=[(1 + 1j)(1 + rJ(1 + r3 )(1 + r4 )+ (1-'i)(1 + r2 ){1 + 13)(1- r4 )e-2;w(~.H,H,) 
+ (1-1j)(1- r2 )(1 + r3)(1 + r4 )e-lian1 + (1 + 1j)(1- r2 )(1 + r3)(1- r4 )e-liw(~,H,) 
+ (1 + 'i)(l- r2 )(1- r3)(1 + r4 )e-lian, +(l-1j)(l + r2 )(1- r3)(1 + r4 )e-liw(~.+~,) 
+ (1 + 1j )(1 + T2 )(1- r3)(1- r4)e-lian, + (1-1j )(1- r2 )(1- r3)(1- r4 )e-liw(~.H,) r. 
In a compact notation, the transfer function for n layers is 
where summation due to the double indices k is from 1 to n and ho= bn+l = 0. 
For a layered medium with traction-free conditions, a frequency equation g is 
derived in terms of the acoustical parameters of alllayers by imposing continuity of 
displacements and tractions at the interfaces, 
g(ß.!n) = ~(a22 coskndn -a12 sinkndn)sink1~ + 
z2 
(4) 
(5) 
(6) 
where p is a list of the acoustical parameters, dn = ~ + ~ ... +hn, and fn are the system 
natural or resonant frequencies. For two layers the matrix a is the identity matrix, and for 
three layers or more a is given by 
(7) 
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where 
For three layers, the resonant frequencies are the roots of the equation 
g = sin W'l'1 ( cos W'l'2 cos an3 - 13 sin an2 sin anJ + 
r2 cos W'l'1 ( sin W'l'2 cos an3 + r1 cos W'l'2 sin an3 ) = 0. 
(8) 
(9) 
Note that the resonant frequencies depend on the three travel times and on the two 
ratios of the acoustic impedances. From this it is inferred that the number of acoustical 
parameters that can be obtained for an n-layer media is 2n-l that includes n travel times 
and n-1 impedance ratios. 
For the specimens under study the difference between the peaks of H and the 
resonant frequencies of the free plate is of the order of 1 KHz. So the resonant frequencies 
may be used as an excellent approximation although in the following, the frequency 
locations of the magnitude peaks of H were used for the inversion procedure. The 
remaining impedance ratio can be calculated from T or r both of which can be readily 
obtained from the virgin wave of the time-domain transmitted signal. In the case of 
known layer densities, the equation for r can be rearranged to yield 
P3 [ 1 ( 1 r rl ) 'l"z] 
r, = 'l"3 r2 -;; Po - P: - Pz (10) 
where y = r +I, rj and p j are the mass densities. 
EXPERTIJENTALSETUP 
The experimental setup used to measure the transfer function is similar to that 
described in [2]. A three layer sample was placed in the near field zone between an aligned 
pair of uHrasonie transducers. A Panametrics 5052U ultrasonic analyzer was used as 
pulser/receiver. The transmitted signal through the layered media was digitized into 
16,384 points by a Tektronix DSA 601 digital signal analyzer with 8-bit precision at a 
sampling frequency of 1 GHz. The transfer function of the specimen was calculated from 
the ratios of the FFTs of the digitized transmitted and reference signals. 
The thickness of each layer of the three-layered samples is listed in Table 1. Each 
thickness was measured using an optical microscope equipped with a micrometer-driven 
precision positioning stage. The specimens were polished on one side and ten readings 
were taken along the sample. The uncertainty in the measurement of each thickness is 
about 4 Jlm. The total thickness h is measured using a micrometer along different 
positions on the faces of the specimens. 
Table 1. Thickness measurements using an optical microscope 
Property 304SS/Al/304SS 436SS/Al/304SS 
h1 (IDID ±!-LID) 0.375 ± 2 0.438 ± 2 
hz (IDID ±!-LID) 1.530 ± 3 1.833± 3 
h3 (IDID ±!-LID) 0.375 ± 3 0.388 ±1 
h (IDm + pm) 2.279 + 2 2.662 + 2 
Ag/Cu/Ni 
0.344 ± 3 
1.132 ± 4 
0.285 ±2 
1.766 +4 
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RESULTS AND DISCUSSION 
The theoretical peak: frequencies fk are obtained from the zeroes of the first 
derivative of H with respect to the frequency f, g = dH/ d.f . The measured peak: 
frequencies f{ are obtained from the measured H* = h * (! )/ q * (!) where h * and q * 
are the Fourier transforms of h(t), the transmitted signal, and q(t), the reference signal 
through the immersion liquid. The magnitude His shown in Fig. 1 where the dots 
represent experimental data and the solid curve is a theoretical curve. The frequency 
increment between two successive data points is 15.26 K.Hz. 
The inversion procedure for the six parameters { -r 1, -r 2 ;r 3 , 'i, r2 , r3} requires initially a 
guess for the first five parameters { -r 1, -r 2 , -r 3, 1j, r2} and an accurate measurement for -r . 
This measurement is obtained by using the Simplex method to minimize 
(11) 
where W is the window size enclosing the virgin wave and t0 is the starting time of the 
window. The window size is estimated as less than twice the shortest travel time. Once W 
is fixed, the simplex method is used to invert for -r and T. The values for -r fluctuate by 
about 0.1 %. On the other hand the values for T may fluctuate by more than 5%. Therefore, 
we discard T and use -r in the search for the remaining parameters. The next step of the 
inversion process is to calculate ':, from -r and the current values for { -r 1, -r 2 , -r 3, 1j, r2}. 
Then, the theoretical peak:s are obtained using the current set of all six parameters, and the 
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Figure. 1. Magnitude of the transfer function for 304SS/Al/304SS. 
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root-mean square error is obtained from 
(12) 
In the case of 304SS/Al/304SS and 436SS/Al/304SS an initial guess for 
{-rp'l'2,'l'3,rpr2} that was within ±10% ofthe expected values, listed in Table 2, converged 
to the true minimum. For Ag/Cu/Ni, an initial guess that was ±10% of the expected values 
converged to a false minimum, whereas an initial guess that was ±5% of the expected 
values did converge to the true minimum. The converged errors are less than the frequency 
increment of 15.26 KHz as seen in Table 3. The values in parentheses are the difference 
with the expected values. The inverted thickness values are within 10 Jlm from the 
expected values for all samples using the current procedure. 
Table 2. Expected values for acoustical properties used for numerical calculations 
Property 304SS/Al/304SS 436SS/AV304SS Ag/Cu/Ni 
PI (g/cc) 7.93 7.73 10.5 
p 2(g/cc) 2.72 2.72 8.9 
p 3(g/cc) 7.93 7.93 8.81 
ci (mm/Jls) 5.76 6.1 3.7 
c2 (mm/Jls) 6.374 6.374 4.6 
c3 (mm/Jls) 5.76 5.76 5.726 
hi (mm) 0.375 0.438 0.344 
h2 (mm) 1.530 1.833 1.132 
h3 (mm) 0.375 0.388 0.285 
'ti (Jls) 0.0651 0.0718 0.0930 
't 2 (Jls) 0.2400 0.2876 0.2461 
't 3 (JlS) 0.0651 0.0674 0.0498 
ZI (PI CI) 45.68 47.14 38.85 
z2(p2 c2) 17.34 17.34 40.94 
Z3 (p3 C3) 45.68 45.68 50.446 
Table 3. Inversion results 
Property 304SS/ Al/304SS 436SS/ AV304SS Ag/Cu/Ni 
8 (KHz) 8.53 4.63 6.50 
'f (Jls) 1.152 (-8 ns) 1.370 (+12 ns) 0.802 (+9 ns) 
'ti (JlS) 0.0651 (+0.0 ns) 0.0709 (-0.9 ns) 0.0922 (-0.7 ns) 
't2 (JlS) 0.2384 (-1.7 ns) 0.2863 (-1.2 ns) 0.2421 (-4.0 ns) 
't3 (Jls) 0.0661 (+l.Ons) 0.0677 (+0.3 ns) 0.0518 (+2.0 ns) 
fi 29.92 (-2.68 %) 32.37 (+2.05 %) 25.80 (-1.29 %) 
f2 0.3914 (+3.11 %) 0.363 (-1.38 %) 1.092 (+3.65 %) 
fJ 2.606 (-1.06 %) 2.662 (+1.05 %) 1.192 (-3.29 %) 
hi (mm) 0.365 (-10 Jlm) 0.442 ( +4 Jlm) 0.337 (-7 Jlm) 
h2 (mm) 1.525 (-5 Jlm) 1.837 (+4 Jlm) 1.139 (+7 Jlm) 
h3 (mm) 0.378 (+3 Jlm) 0.396 ( +8 Jlm) 0.293 ( +8 Jlm) 
ZI (PI CI) 44.46 (-2.68 %) 48.10 (+2.05 %) 38.35 (-1.29 %) 
z2 (P2 c2) 17.40 (+0.35 %) 17.45 (+0.64 %) 41.88 (+2.31 %) 
Z3 (p3 C3) 45.36 (-0.71 %) 46.46 (+1.70 %) 49.91 (-1.06 %) 
h (mm) 2.268 (-11 Jlm) 2.675 (+ 13 firn) 1.770 (+4 f.lill) 
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Table 4. Measurement results for metal-clad layered specimens from ref. [3] 
Property 
h1 (mm ± J.liil) 
h2 (mm ± J.liil) 
h3 (mm ± J.liil) 
h(mm±!!m) 
304SS/AV304SS 
0.387 ± 1 (+12!!m) 
1.523 ± 1 (-7l!m) 
0.363 ± 1 (-12!!m) 
2.273 ( -6 pm) 
436SS/AV304SS 
0.434 ± 2 (-4!!m) 
1.828 ± 2 ( -5 J.liil) 
0.384 ± 1 (-4!!m) 
2.646 (-161!ID) 
Ag/Cu/Ni 
0.314 ± 9 (-30 l!m) 
1.144 ± 9 (+12!!m) 
0.306 ± 3 (+21!!m) 
1. 7 64 (-2 J.liil) 
The inversion procedure using resonant frequencies gives similar results for the 
thickness measurements as the inversion procedure using H. The NDE measurements 
summarized in Table 4 are taken from [3] for a 10 MHz transducer and three parameters 
inversion. The inverted thickness values are within 12 f..Lm for the first two samples and 
within 30 f..Lm for the Ag/Cu/Ni sample using the previous procedure. 
ERROR ANALYSIS 
The sensitivities of the resonant frequencies to the travel times and acoustic 
impedance ratios are evaluated at the discrete values for the peak frequencies fn . The 
sensitivities are defined as 
where Pi is the expected value for the ith parameter. For 436SS/Al/304SS, the 
sensitivities to the travel times are about one order of magnitude greater than those to the 
acoustic impedance ratios. 
For an error-free experiment, the error and the gradient of the error with respect to 
the parameter vector are zero. Expanding the error-squared in a second-order Taylor series 
yields the quadratic form 
(14) 
The projections of the 5-D ellipsoid given by equation (15) onto a 2-D plane are 
obtained by finding points along the 5-D ellipsoid whose gradient vector is parallel to the 
2-D plane. This results in an ellipse on the 2-D plane. As an illustrative example, the 2-D 
projections for the 436SS/Al/304SS sample using an error of 5 K.Hz are plotted in Fig. 2a 
for the travel times. The projections onto the r1. -z-1, r2 space are plotted in Fig. 2b. The 
estimated error for the travel times is of the order of 1 ns and that for the acoustic 
impedance ratios is of the order of 10 %. 
CONCLUSIONS 
Travel times and acoustic impedance ratios are simultaneously inverted using the 
resonant frequencies of the transfer function in through-transmission. Measurements have 
been carried out in the frequency range 1-20 MHz for the following specimens: 
304SS/AV304SS, 436SS/Al/304SS, and Ag/Cu/Ni with individuallayer thickness values 
from 0.3 mm to 2 mm. The results for the travel times are within 4 ns of the expected 
values. The ultrasonically measured total thickness agrees to within 13 mm with direct 
micrometer measurements. The acoustic impedances agree within 3% with values 
measured for a single layer even for Ag/Cu/Ni, where there is only a 10% impedance 
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Fig. 2a. Error ellipses for the travel times. 
Fig. 2b. Error ellipses for rt, ft, rz . 
difference between neighboring layers, and for 304SS/ Al/304SS that has a symmetrical 
arrangement of two layers of the same material, 304SS. 
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